Abstract: Flatband systems typically host "compact localized states" (CLS) due to destructive interference and macroscopic degeneracy of Bloch wave functions associated with a dispersionless energy band. Using a photonic Lieb lattice (LL), we show that conventional localized flatband states are inherently incomplete, with the missing modes manifested as extended line states which form non-contractible loops winding around the entire lattice. Experimentally, we develop a continuous-wave laser writing technique to establish a finite-sized photonic LL with speciallytailored boundaries, thereby directly observe the unusually extended flatband line states. Such unconventional line states cannot be expressed as a linear combination of the previously observed CLS but rather arise from the nontrivial real-space topology. The robustness of the line states to imperfect excitation conditions is discussed, and their potential applications are illustrated.
spectrum. The robustness of these unconventional line states to imperfect excitation conditions is also discussed, along with specific examples of their potential applications.
Propagation of a light beam along the LL composed by evanescently coupled identical optical waveguides [sketched in Fig. 1(a) ] is described by the paraxial wave equation [32, 33] :
, , = + , , , , where , , is the envelope of the electric field, = 2 ⁄ is the wave number in the medium, λ is the wavelength, is the bulk refractive index, , is the optically-induced refractive index lattice, and = + is the transverse Laplacian. Under the tight-binding approximation, this model reduces to the wellknown linear discrete Schrödinger equation [28] [29] [30] [31] 33] . For the LL, eigenvalue equations can be explicitly written for wave amplitudes in the unit cell denoted by (n, m) as, 
A plane wave ansatz for the eigenvectors with momenta (kx, ky) yields the band structure: EFB = 0,
E(kx, ky) ={±(2(2+cos(kx)+cos(ky))
1/2 }. A zero energy flatband touches two linearly dispersive bands intersecting at the conical intersection point as shown in Fig. 1(b) . Normally, modes in the continuum are not localized, except for those generated under special conditions as "bound states in the continuum" [34] [35] [36] . The flatband supports inherently degenerated CLS that have nonzero amplitude only at four lattice sites as shown in Fig. 1(a Fig. 1(a) . For an infinite lattice (or a lattice with periodic boundary conditions folds into a 2D torus), there are only two distinct line states as illustrated in Fig. 1(c) , and all other line states can be obtained by discrete translation or combination. For an experimentally feasible finite-sized LL, the termination of the lattice boundaries determines whether a particular line state can exist. For the "flat" edges shown in Fig To observe the extended flatband states, we introduce a simple cw-laser writing technique to establish the finite-sized photonic LL with desired boundaries. The technique relies on site-to-site induction of waveguides in a nonlinear photorefractive (SBN) crystal with noninstantaneous nonlinear response. Different from the femtosecond laser writing waveguides in glass [28] [29] [30] [31] , the Lieb lattice optically induced in the crystal can be readily reconfigurable. Moreover, our writing technique can generate lattices with virtually arbitrary lattice edges, which is not possible with the previous technique based on multi-beam interference [32] . Figure 2 shows a schematic of the experimental setup. A cw laser beam with a wavelength of 532nm and an output power of only 50mW is used to illuminate a phase-only spatial light modulator (SLM), which creates a Gaussian beam with reconfigurable input positions at the crystal input facet. The 4F system guarantees a quasi-non-diffracting zone of the writing beam as it propagates through the 10mm-long crystal.
Because of the noninstantaneous self-focusing nonlinearity, the writing beam induces waveguides one-by-one through the crystal and all waveguides remain intact within the experimental data acquisition period. The bottom panels in Fig. 2 illustrates the writing principle and a typical triangular lattice written in the crystal. (A non-diffracting Bessel beam can also be used to write the waveguides, but the side lobes of the Bessel beam can affect the lattice structure [38] ).
After this proof of principle, we employ the technique to write photonic LL with desired lattice edges. Figure 3(a) shows such a laser-written LL with "bearded" edges. The lattice spacing is about 32 μm. With controlled writing beam intensity and exposure time, the waveguide coupling occurs mainly between nearest neighbors, satisfying the tight-binding model. Indeed, after propagating through the 10mm crystal, a single-site excitation leads to discrete diffraction and coupling mainly to the nearest waveguides [see inset in Fig. 3(a) ]. To observe the extended flatband line states displayed in Fig. 1(e) , the input probe beam is shaped into a line pattern (a broken and stretched "necklace"), with its phase modulated by the SLM so that adjacent "pearls" have opposite phase Of course, if the input conditions deviate too much from that of the line states, the dispersive band modes are excited mostly which leads to strong discrete diffraction in the lattice.
Before closing, we would like to elaborate on potential applications of these unconventional flatband line states. Conventional CLS can be useful for image transmission in the LL, but only limited to certain necklace-like shape as superposition of "ring modes" [32] . By combining the features of the CLS and the new line states, it is possible to realize large-scale image transmission with virtually any patterns extended to lattice boundaries [39] . To illustrate this, we transmit three 
